Abstract -In this work, an inverse problem for the time-independent vector transfer equation for polarized radiation in isotropic medium is examined. In the problem, it is required to find the attenuation factor from known solution of the equation at the medium boundary. A formula is derived that relates the Radon transform of the attenuation factor with the radiation-flux density at the boundary. The uniqueness theorem for the solution of the tomography problem is proved.
INTRODUCTION
The basic model for the description of photon transfer processes is given by the linear integro-differential Boltzmann equation, also called the radiative transfer equation. Within the framework of this model, two types of photon interaction with substance are considered, one being absorption, and the other, scattering. Both processes substantially depend on the polarization of the incident radiation; for this reason, the scalar transfer equation, in which polarization is ignored, presents only an approximate model. To provide for more accurate description of the transfer process, one has to take the light-beam polarization into account.
The transfer equation with allowance for polarization was first formulated by S. Chandrasekar (1946) [1] . In [1] , a mono-energy transfer equation for the case of an isotropic medium and molecular scattering was reported. A detailed consideration of the Stokes vector-parameter and scattering matrix is given in [2] [3] [4] [5] [6] [7] . In these works, various descriptions for the Stokes vector-parameter were considered, together with the general form of the scattering matrix and particular forms of this matrix for various types of scattering (molecular scattering, scattering by spherical particles, Compton scattering), and the forms of the transfer equation for these types of scattering were given.
Theoretical aspects of the solution of the vector transfer equation were discussed in [8] [9] [10] [11] [12] [13] [14] [15] [16] . In particular, the authors of [8] [9] [10] investigated into the general functional properties of the direct problem and gave the convergence conditions for the Neumann series in various spaces. Statements of boundary-value problems for the planar-parallel case and solution methods for such problems were considered in [12] [13] [14] [15] . A new approach to finding the solution of the transfer equation for polarized radiation, efficient for algorithms with parallel calculations, was proposed in [16] .
Among works, few in number, on inverse problems for the vector transfer equation, the works [17, 18] deserve mention, devoted to the matter of determining the scattering properties of medium. In [17] , a problem was solved in which it was required to find the single-scattering albedo in a semi-infinite layer with a Rayleigh scattering matrix. In [18] , a transmission model for polarized radiation incident onto a planar homogeneous layer was considered. An inverse problem was formulated and solved, in which it was required to find the scattering-matrix coefficients from known characteristics of the input and output radiation at the layer boundary.
In the present work, we examine the problem is which it is required to determine the attenuation factor in the transfer equation. The method for determining this factor is based on using an external-radiation source of special type with first-kind discontinuities. We extend the relevant results obtained in [19] [20] [21] to the case of the vector transfer equation. A formula is derived which relates the Radon transform of the integral attenuation factor with the solution of the transfer equation set on the medium boundary, and prove the uniqueness theorem for the solution of the tomography problem. To solve the inverse problem, we had to investigate into the solution continuity in the direct problem for the vector transfer equation with piecewise-continuous equation coefficients. Apart from tomography applications, these results are of independent interest.
STATEMENT OF THE DIRECT PROBLEM FOR THE VECTOR TRANSFER EQUATION
The main characteristic of polarized radiation is given by the four-dimensional vector of Stokes parameters, f = (f 1 , f 2 , f 3 , f 4 ). For this vector, the transfer equation in an isotropic medium is [1] [2] [3] 
Here, r = (r 1 , r 2 , r 3 ) ∈ G, G is a convex bounded domain in the threedimensional Euclidean space E 3 , and ω ∈ Ω = {ω ∈ E 3 : |ω| = 1}. In the above equation, J(r, ω) is a four-component vector that describes internal radiation sources, µ(r) is the integral attenuation factor, and P (r, ω, ω ) is the 4 × 4 scattering matrix.
To characterize the inhomogeneity of the medium G, in which the radiation transfer process is examined, we introduce into the consideration some partition G 0 of the domain G. The manifold G 0 is assumed to be open and dense in G; i.e., G 0 = G. Besides, we assume the manifold to be the sum of a finite number of domains
The domains G i can be interpreted as consisting of some portions of the inhomogeneous medium G occupied by the i-th substance. We assume the manifold G 0 to possess the property of generalized convexity [22] , i.e., each ray L r,ω issuing out of the point r ∈ G 0 in the direction ω ∈ Ω intersects the boundary ∂G 0 at some points finite in number.
We denote as C b (X), X ∈ E m the Banach space of functions, defined on X, and bounded and continuous on X, with the norm
In a similar way, we define the space C As for the coefficients in (1), we assume the following. The function µ(r) is a nonnegative function that belongs to C b (G 0 ), and for the vector-function we have:
We denote the ray issuing out of a point r in the direction ω as L r,ω = {r
Here, the symbol mes 1 denotes the Lebesgue measure of a set on a straight line. The function d(r, ω) gives the distance from the point r ∈ G to the boundary ∂G = G \ G in the direction ω. According to [21, 24] , for this function we have:
The set Γ − (Γ + ) is the definitional domain for the input (output) radiation. We supplement equation (1) with the boundary condition
The vector-function h(ξ, ω) defines the radiation flux that enters the medium G.
With the definition of the set Γ − and the function d(r, ω) taken into account, the boundary condition (2) can be re-written in the form
In the tomography problems, we will deal with the functions h that may have discontinuities in their definitional domain. To this end, we introduce the finite partition
where Ω i are some domains on the unit sphere Ω, Ω 0 = Ω. Let the function h(ξ, ω) be a function such that for its continuation we have:
. A simplest example for the function h which satisfies the above constraints is h(ω) = (h 1 (ω), 0, 0, 0), where
In this example, Ω 0 = Ω + ∪ Ω − , where Ω ± = {ω ∈ Ω : sign (ω 3 ) = ±1}, and
Direct problem (1), (2) . Find the function f from (1), (2) with known µ, P , J, and h.
In what follows, everywhere the symbol ω · ∇ r f (r, ω) means the derivative of the function f (r, ω) in the direction ω with respect to the spatial variable r:
In other words, the expression ω · ∇ r f (r, ω) is interpreted in the general sense. We denote
Since all components in the matrix P (r, ω, ω ) are bounded functions continuous over the variables ω, ω , then, with regard for the known properties of integral operators [23] , we conclude that the operator S, defined by (4), maps the space C (4)
Thus, the vector collision integral N (r, ω) possesses smoothing properties with respect to the angular variable ω. This property is typical of the transfer theory [22, 23] , and it is this property that is often used in solving tomography problems [19] [20] [21] 24] .
In what follows, Ω is everywhere an open subset of unit sphere Ω, dense in Ω. We define the class D in which the solution of equation (1) is sought.
will be called the solution of the direct problem (1), (2).
CORRECTNESS OF THE DIRECT PROBLEM
Let us give here the following statement, to be used below, which was proved in [21, 24] . Lemma 1. Let a set G 0 satisfies the condition of generalized convexity and
Corollary 1. The optical-distance functions defined by
belong respectively to the spaces
Proof. Since f (r, ω) ∈ D(G 0 ×Ω ), then the functions f i (r+tω, ω), i = 1, 4 are functions absolutely continuous over t ∈ [−d(r, −ω), d(r, ω)] for all (r, ω) ∈ G 0 × Ω and, hence,
Taking the fact into account that, by Lemma 1, the function in the left side of the equality belongs to
In a similar manner, it can be shown that f + (r, ω) ∈ C
b (G 0 × Ω ). Lemma 2 yields the following obvious corollary.
b (G 0 × Ω 0 ). Let us cite here one more statement from [21, 24] . 
belongs to the space C b (G 0 × Ω ) and
whereμ = sup r∈G0 µ(r), and d is the diameter of G.
Next, we will use conditions, stemming from physical constraints, on the components of the function f = (f 1 , f 2 , f 3 , f 4 ), the solutions of equation (1) . The functions f i (r, ω) are the Stokes parameters that satisfy inequalities [1, 9] 
We denote the cone formed in the space C (4) (10) as K. For functions from K there exist physically meaningful conditions that, in the final analysis, guarantee the solution existence and uniqueness for the boundary-value problem (1), (2) . These conditions are as follows. For all functions f ∈ K, the matrix P (r, ω, ω ) must obey the constraints [9] P f ∈ K, (11)
The constraint (11) implies that the matrix operator P map the cone K into itself, i.e.,
, and condition (12) expresses the law of energy conservation in scattering events that occur in a not-multiplying medium [9] .
It follows from Lemma 3 and relations (11), (12) that:
2) the operator A defined by the equality
3) the operator AS :
and satisfies the condition
In the same manner as in the scalar case [21, 24] , the following statement can be proved: Proof. By Lemma 4, it is sufficient to prove that equation (14) is solvable. Note that the cone K is a closed manifold in the Banach space C (4) b (G 0 × Ω 0 ) and, hence, the cone K is a complete space. Hence, it is sufficient to prove that the operator AS maps K onto K, the function
belongs to K, and ASf < f for all f ∈ K.
Since the operator S :
b (G 0 × Ω), and the operator A :
Using inequality (13) , for all f ∈ K we have:
Hence, the statement given in the theorem stems from the principle of contracting mappings.
STATEMENT OF THE TOMOGRAPHY PROBLEM FOR THE VECTOR TRANSFER EQUATION
In this section, we examine the problem in which it is required to determine the coefficient µ(r) from the radiation known at the boundary of the medium G.
To solve the posed problem, here we employ the method that was previously used to solve the analogous problem for the scalar version of the transfer equation [19] [20] [21] . In this method, an external source h(ξ, ω) of a special type is used. Namely, we assume that the function h = (h 1 , h 2 , h 3 , h 4 ) has a first-kind discontinuity in the horizontal directions (ω 3 = 0). A distinguishing feature of this method in the vector case is the possibility to make use of the singularity in any component h i of the vector h. From the mathematical point of view, the latter circumstance is not of fundamental significance; yet, from the methodical point of view this leads to the creation of new types of external sources that will possibly find many practical applications. Let, in addition to the boundary condition (2 ), the following condition is set:
The function H(η, ω), defined on Γ + , specifies the radiation flux that leaves the medium. Let us formulate the tomography problem to be examined.
Tomography problem. Find the function µ(r) from equation (1) and boundary conditions (2 ) and (15) For the posed problem to be solved, in addition to the conditions formulated in Theorem 1, we introduce additional constraints on the function h.
where
2. For some i ∈ {1, 2, 3, 4} and for all ω = (ω 1 , ω 2 , 0) ∈ Ω the following equality holds:
where,h
Theorem 2. Let under the conditions of Theorem 1 the function h satisfies conditions (16) and (17), and the relation (15) holds; then, for all r ∈ G 0 , ω = (ω 1 , ω 2 , 0) ∈ Ω there holds the equality
Proof. We re-write equation (14) as
ψ(r, ω) = (AJ)(r, ω) + (ASf )(r, ω).
Since
Taking also the fact into account that J ∈ K ∩ C (4)
. Hence, with due regard for Corollary 2 we obtain:
then from equation (19) we find that
and, hence,
In the vector relation (23) those equalities are only meaningful in which [h i (r − d(r, −ω)ω, ω)] = 0. Using conditions (15) and (17), from relation (23) for all r ∈ G 0 , ω = (ω 1 , ω 2 , 0) ∈ Ω we obtain equality (18) . The theorem is proved.
As a result, the tomography problem has reduced to the two-dimensional inversion problem for the Radon transform of the function µ I(r, ω) = µ(r + ωt) dt (24) in any horizontal plane {r = (r 1 , r 2 , r 3 ) ∈ E 3 : r 3 = const} having a common point with the manifold G 0 . The latter problem is known to have a unique solution in a broad class of functions [25, 26] .
Let us formulate a statement whose proof almost fully coincides with that of the analogous statement for the scalar transfer equation [21] . Theorem 3. Let {µ , P , J } and {µ , P , J } be two sets of coefficients of equation (1), f and f be the respective solutions of direct problem (1), (2) with the same function h. If the function h satisfies the conditions (16), (17) , and equality f i = f i on Γ = Γ − ∪ Γ + is valid; then µ = µ almost everywhere in G.
Note that in the tomography problem under study the matrix P and the function J are not assumed known; yet, this matrix and this function are not to be determined. From the physical point of view, the latter means that, with a specially chosen type of source, one can "suppress" the effect due to scattering and internal sources.
From Theorem 3, it follows that, for the function µ to be found, it suffices that, instead of all components of the vectors h and H, one component of the vectors be set, namely, the component for which the condition (17) is fulfilled. Moreover, from the above line of reasoning it follows that the proposed method can easily be extended to the case of a non-isotropic medium provided that the matrix µ(r) is a diagonal matrix of dimensionality 4 × 4.
